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Abstract. In this work we review an efficient procedure to obtain high-order approximations for homoclinic and
heteroclinic connections, in a planar system that can be written as a perturbation of a Hamiltonian system. The algorithm
developed, based on the nonlinear time transformation (NTT) method, successfully supplies the coefficients that would be
obtained with high-order Melnikov functions. Its application in the study of several normal forms of the Takens-Bogdanov
(TB) bifurcation has provided, for the first time in the literature, the corresponding coefficients up to any desired order.
The case of planar systems written as perturbations of non-Hamiltonian integrable vector fields can also be satisfactorily
addressed. The use of the NTT method in the case of degenerate global connections also provides interesting results.

Introduction

Global connections (homoclinic and heteroclinic orbits) are important organizing centers in the dynamics of
nonlinear systems and, for this reason, they are very relevant in the applications. In term of analysis, as it is
very rare to find an exact global connection, Melnikov function is the classical technique to rigorously prove
its existence. In this line, a wide range of perturbative methods has been developed to approximate global
connections, such as hyperbolic perturbation methods, elliptic Lindstedt-Poincaré (L-P) methods, modified
L-P methods and NTT methods [1].

Results and discussion

Very recently [2, 3, 4, 5], the NTT method has been successfully applied for the study of global connections
in systems of the form ẋ = y, ẏ = g(x) + ε[f(x, y) + µh(x, y)], where functions g, f and h are smooth and
|ε| � 1 and µ are perturbation and control parameters, respectively. Thus, the study of global connections in
several normal forms of the TB bifurcation has been swimmingly carried out (see Fig. 1). In fact, the NTT
method is an efficient alternative to Melnikov method in the calculation of the coefficients of the Poincaré
application near the homoclinic/heteroclinic connection, since for high order, this computation is impracticable
due to the difficulty of the integrals that appear by Melnikov method. As the numerical continuations confirm
for large parameter values, the obtained high-order solution greatly improves the accuracy of the approximation.
Generalizations in two directions will be considered. On the one hand, the manner of applying the NTT method
in a wider class of systems that are perturbations of non-Hamiltonian integrable planar vector fields. On the
other hand, the analysis of degenerate global connections is another interesting topic where the power of the
NTT method is revealed.

Figure 1: (a)-(c): analytical approximations (red) of the global connections in different cases. (d): analytical approximation of the
homoclinic bifurcation (green) in parameter space of a codimension-3 TB normal form.
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