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Abstract. This paper investigates the nonlinear dynamic behaviour of a 3-degree-of-freedom (3DOF) impact 

oscillator system with multiple constraints. The system model comprises a 3DOF chain oscillators and three extra 

springs as linear constraints for oscillating masses. The steady-state responses of the system subjected to a 

harmonic excitation force are obtained by the harmonic balance(HB) approximations and a numerical integrations. 

The effects of the spring stiffness of the linear constraints on the dynamic responses of the masses are studied. The 

results show that the implementation of the linear constraints may have nonlinear hardening effect on the frequency 

responses of the system. It can lead to multiple solutions and bifurcations near the resonance frequencies of 

different vibration modes. Moreover, super-harmonic response components are observed and an extra resonance 

peak may be obtained near corresponding frequency of the second vibration mode.  
 

Introduction 
 

The impact oscillator model is widely used for studying the vibro-impact phenomena within many of 

engineering dynamic systems such as robot joints [1]. The inclusion of rigid or elastic constraint in a system 

can bring in non-smooth stiffness nonlinearities, resulting in rich nonlinear behaviour in the dynamic response 

including bifurcations and chaotic motions [2]. The elastic constraint may also alter the vibration transmission 

characteristics between sub-structures of the integrated system [3]. As shown in Fig. 1, three linear single-

DOF oscillators are coupled into a chain oscillator, the motion of which is restrained by three constraints. The 

static equilibrium positions of the three masses, where 𝑥1 = 𝑥2 = 𝑥3 = 0 and the springs 𝑘1, 𝑘2, 𝑘3, 𝑘4 are 

un-stretched, are set as a reference. Three linear constraints C1, C2 and C3 with identical stiffness 𝑘s shown in 

Fig. 1 are for the mass 𝑚1, 𝑚2 and 𝑚3, respectively. When the springs in three constraints are un-stretched 

and the masses are in equilibrium, i.e., 𝑥1 = 𝑥2 = 𝑥3 = 0, the left-hand-side terminals of the three linear 

constraints are placed at a distance of 𝑑 to the right of masses 𝑚1, 𝑚2 and 𝑚3, respectively. 
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Figure 1: Schematic of the 3DOF impact oscillator system with multiple constraints. 

The equations of the motion of the system in a matrix form are 

[

𝑚1 0 0
0 𝑚2 0
0 0 𝑚3

] {

�̈�1

�̈�2

�̈�3

} + [
𝑐1 + 𝑐2 −𝑐2 0

−𝑐2 𝑐2 + 𝑐3 −𝑐3

0 −𝑐3 𝑐4 + 𝑐3

] {

�̇�1

�̇�2

�̇�3

} + [

𝑘1 + 𝑘2 −𝑘2 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3

0 −𝑘3 𝑘4 + 𝑘3

] {

𝑥1

𝑥2

𝑥3

} + {

𝑓C1

𝑓C2

𝑓C3

} = {
𝑓0𝑒i𝜔𝑡

0
0

}, 

(1) 

where 𝑓C1, 𝑓C2 and 𝑓C3 represent the forces applied by the constraints C1, C2 and C3 to the mass 𝑚1, 𝑚2 and 

𝑚3, respectively. These equations are then solved by HB approximation and the numerical integrations. The 

steady-state frequency responses and vibration transmission levels within the system are determined. 
 

Results and discussions 
 

The results show that the inclusion of the linear constraints can lead to rich nonlinear phenomena including 

super-harmonic responses and multiple solution branches. The resonance peaks in the curves of the steady-

state displacement response of the masses are bending to the high-frequencies and an extra peak may appear 

in the frequency response curve of the secondary mass 𝑚2. Multiple solutions and bifurcations can be found 

near the resonance peaks of the responses. The influence of the multiple constraints on the vibration 

transmission is examined using force transmissibility and vibration power flow as performance indices.  
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