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Abstract. Nonlinear evolution equations known also as non-commutative soliton equations are considered. In particular,
the matrix modified Korteweg-deVries (mKdV) equation is studied. Based on Bäcklund transformations which allow to
reveal algebraic properties as well as construct solutions of nonlinear evolution equations, a method to construct explicit
solutions is presented. The produced solutions can be considered as soliton solutions; they exhibit the typical behaviour of
solitons. Indeed, they are shown to represent a generalisation of the corresponding scalar solutions. Finally, perspectives
concerning the construction of soliton solutions admitted by further matrix equations are given.

Introduction

Matrix equations are an example of non-commutative equations with a notable applicative meaning. Indeed,
quantum mechanical systems are governed by matrix equations. On the other hand, matrix equations can be
regarded as a special case of operator equations, when finite dimensional operators are considered.
The present note is concerned about the matrix mKdV equation

Vt = Vxxx + 3{V 2, Vx} , where {A, B} := AB + BA, ∀A, B. (1)

The unknown V is represented by a n×n matrix, further developing results in [4]. Notably, we obtain solutions
of the matrix mKdV are linked, via Bäcklund transformations to solutions of the matrix KdV equation which are
within the solution class of multisoliton solutions obtained, via IST (inverse scattering transform [1]) method
by Goncharenko [12] in the case of the matrix KdV equation. Conversely, our viewpoint is to apply Bäcklund
transformations [13] to construct solutions as well as to reveal symmetry properties enjoyed by third order
matrix equations. This approach generalises the study in [11] where scalar third order nonlinear evolution
equations are considered. Analogies and differences between commutative and non-commutative cases are
analysed to [2, 7]. The present investigation is based on previous results [3, 5, 6, 9, 10], where a key role is
played by Bäcklund transformations. The aim is to briefly illustrate a method to construct soliton solutions.
Furthermore, we report on recent progress in [8] and discuss various examples.
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