The integral of the cofactor as a characterization of centers
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Abstract. In this work we deal with analytic families of real planar vector fields X having a monodromic singularity at

the origin for any A € A C RP. There naturally appears the so-called center-focus problem which consists in describing
the partition of A induced by the centers and the foci at the origin. We give a characterization of the centers (degenerated
or not) in terms of a specific integral of the cofactor associated to a real invariant analytic curve which always exists.

Introduction

We consider families of real analytic planar differential systems

&= P(x,y;\), §=Q(x,y;\), (1)

with parameters A\ € R? together with its associate family of vector fields X\ = P(x,y; \)0, + Q(z,y; A)0y.
Throughout the work we restrict the family to the parameter space A C R? so that the origin (x,y) = (0,0) is
made sure to be a monodromic singularity of the whole family (1). That means that P(0,0; A\) = Q(0,0; \) =0
and the local orbits of X turn around the origin for any A € A. In this monodromic scenario, I’lyashenko [3]
and Ecalle [1] show independently that the origin only can be either a center or a focus since X) is analytic.
We recall that a center possesses a punctured neighborhood (period annulus) foliated by periodic orbits of Xy
while in a neighborhood of the focus the orbits spiral around it.

Main results

We prove the following results.

THEOREM 1. Let X be real analytic planar vector field with coprime components and having a monodromic
singular point at the origin. Then there exists a real analytic invariant curve F(x,y) = 0 of X with F'(0,0) = 0
and F having an isolated zero in R? at the origin.

Let (p,q) € W(N(X)) be two weights associated to the Newton diagram IN(X) of X and perform the weighted
polar blow-up (z,y) — (p, ) given by (x,y) = ¢(p, p) = (p? cos ¢, p? sin ) transforming (1) into the polar
vector field p = R(p, p), ¢ = O(¢p, p) and consider the differential equation

R(¢,p)
O(p,p)

well defined in C'\©~'(0) being the cylinder C' = {(6,p) € S' xR : 0 < p < 1} with S' = R/(27Z).

Let F(x,y) = 0 be a real invariant analytic curve of X’ with cofactor K, that is, X (F') = KF. In weighted
polar coordinates this equation is transformed into X' (F') = K F where X = Oy + F(p,p)0,, F=Fo¢and
K is the cofactor of the curve F' = 0.

Let p(¢; po) be the solution of the Cauchy problem (2) with initial condition p(0; po) = po > 0 and small, and
Yoo = {(, (5 po) : 0 < ¢ < 27} C C anarc of orbit of (2). We define f K =PV fo o, p(p; po)) de,
where PV stands for the Cauchy principal value.
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THEOREM 2. Let X be a family of analytic planar vector fields having a monodromic singular point at the

origin and K the cofactor associated to an analytic invariant curve. Then f,yp K exists and moreover the
0

origin is a center if and only if

K=0 3)
Yeo

for any initial condition pg > 0 sufficiently small.

The talk is extracted from a preprint [2] still not submitted to any journal.
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