Modal interactions in a non-linear mass-in-mass periodic chain
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Abstract. The multiple scale dynamics of a forced periodic chain composed of cubic mass-in-mass cells is considered.

Dispersion equation of the continuous expression of the system permits modal decomposition of response functions.
A particular 1 : 3 internal resonance is considered and continuous equations are projected on the two relevant modes.
Selection of fast and slow dynamics leads to obtaining the slow invariant manifolds (SIM) and frequency responses of the
chain.

Introduction

Firstly introduced in the magnetic field [1], metamaterials are presenting unnatural properties due to their spe-
cial architecture. Mechanical and vibro-acoustical metamaterials were later designed for control of mechanical
energies [2]. Such systems, e.g. mass-in-mass, can be designed to present negative indices. Other variants of
this type of metamaterials can be fabricated via multiple inclusions [3] or nonlinearity inclusions [4] leading to
multiple tunable bandgaps. In this work, a periodic nonlinear mass-in-mass chain is considered, see Fig.1. In
details, it is composed of equally spaced masses m; at rest positions which are linearly coupled to each other.
Each mass m houses a mass mo which possesses a cubic restoring force.
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Figure 1: Periodic cubic mass-in-mass chain.
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Figure 2: Time histories of modal coordinates of first (p;) and third (p2) mode under initial displacement
p1(0) = 0.75 and the rest zero

Results and discussion

Inspection of linear part of continuous equations lead to detection of modal characteristics of the system. As an
example, a 1 : 3 internal resonance is considered. Response functions are decomposed in well chosen bi-modal
form and governing equations are projected on two internally resonant modes. Figure 2 presents time histories
of modal coordinates of internally resonant modes (first and third mode) represented by p; and ps, respectively.
Asymptotic responses [5] of the system are considered. Fast dynamics [6] of the projected system leads to
detection of two SIMs associated to two internally resonant modes. Slow dynamics [6] provides singular and
equilibrium points, which lead to the prediction of periodic and quasi-periodic behaviors.
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