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Abstract. Geometrically nonlinear free vibration of the shallow shells of an arbitrary shape of the plan with variable 

thickness is studied. The shell is fabricated from functionally graded materials (FGM) and supported by elastic foundation. 

The refined shear deformation theory of the first order (FSDT) is used to obtain the theoretical formulation of the problem. 

Simple power law is applied to calculate the effective characteristics of the FGM in the thickness direction. Variation of 

the thickness of the shallow shells is carried out according to the given law: it can be linear, parabolic or another law. 

Elastic foundation is described by Pasternak’s model. The proposed approach is based on application of the R-functions 

theory, variational Ritz’s method, and procedure by Bubnov-Galerkin.  
 

Introduction 
 

From the analysis of the available literature, it can be concluded that there is a small number of publications 

in which the question of linear vibrations of the FGM shells with variable thickness, resting on an elastic 

foundation [1, 2], is studied. And there are practically no works on nonlinear vibrations of shallow shells of 

variable thickness, with complex shape in the plan. The present study focuses on these questions. The system 

of nonlinear equations of motion for FGM shallow shells is received using FSDT and Hamilton’s principle. It 

is assumed that a plan form of the shell can be complex. Power law is used to calculate the effective material 

properties. Influence of the foundation is considered through relation 2
0 w Pp K w K w= −   [1]. 

Results and discussion 
 

Proposed method is based on approach developed by authors earlier [3], which uses the R-functions theory [4] 

essentially. Validation of the suggested method and created software is made by comparison of the calculated 

results with known ones. New results for shallow shells with square and complex shape of the plan were 

obtained. For example, backbone curves for clamped (CL) and simply supported (SS) FGM (Al/Al2O3) square 

cylindrical shells ( )/ 0.2, / 0x ya R a R= =  with parabolic [2] ( ) ( )( )2

0, 1 /h x y h x a= −  ( )0.5 = and 

constant thickness ( )0 = are presented in Fig 1, 2.Behaviour of the nonlinear frequencies is shown in 

Fig.3. 

 

   
Figure 1: Backbone curves of 

cylindrical shell (Kw=0, Kp=0) 

Figure 2: Backbone curves of 

cylindrical shell (Kw=10, Kp=100) 
Figure 3: Nonlinear frequencies of 

cylindrical shell 
 

As expected, the greatest increase in nonlinear frequencies is observed for clamped shells. Decreasing the 

parameter   increases the thickness of the shell and, consequently, increases the value of the frequencies. 
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